In this paper, we investigate whether the 124 nonsingular toric Fano 4-folds admit totally nondegenerate embeddings from abelian surfaces or not. As a result, we determine the possibilities for such embeddings except for the remaining 21 nonsingular toric Fano 4-folds.
(ii) The types of nonsingular toric Fano 4-folds are in the sense of Batyrev [2] and Sato [12] . We use characters B, C, D . . . instead of B, C, D . . .. See Table 1 in Section 7.
For a basis {x 1 , x 2 , x 3 , x 4 } of N, by computing the divisors of the rational functions e(x 3 Criteria for non-existence
In this section, we present criteria for the non-existence of totally nondegenerate finite morphism from abelian surface A to a projective nonsingular toric 4-fold. We reduce Kajiwara's method in [5] and [6] to a more convenient form. For fundamental properties of primitive collections and primitive relations, see Batyrev [1] , [2] and Sato [12] . Proof. Suppose that (ϕ For a totally nondegenerate finite morphism ϕ : A → X, we define a graph Γ ϕ as follows: The vertex set of Γ ϕ is {1, . . . , n}, and {i, j} is an edge of Γ ϕ if i = j and is not connected.
Remark 3.6 For n > 5, the assertion in Remark 3.5 is also true if we replace the vertex set of Γ ϕ by S ⊂ {1, . . . , n} such that {D i } i∈S ⊂ Pic(X) generates Pic(X).
By using this incompleteness of Γ ϕ , we can show the non-existence of totally nondegenerate finite morphisms for some projective nonsingular toric 4-folds. For example, the following holds.
Example 3.7 Let X be the nonsingular projective toric 4-fold corresponding to the fan Σ whose primitive relations are
where G (Σ) = {x 1 , . . . , x 7 } and a is a positive integer.
is a primitive collection of Σ, and by a basis {x 1 , x 2 , x 4 , x 5 } of N, we have
in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism ϕ : A → X. By intersecting D 1 with both sides of (1) and restricting the result to A, we (3) and (4) . Hence Γ ϕ is connected, a contradiction to Remark 3.5.
Therefore, X admits no totally nondegenerate finite morphism. q.e.d.
Remark 3.10 By Proposition 3.9, there exist no totally nondegenerate finite morphism to the nonsingular toric Fano 4-folds of types B 1 , B 2 , B 3 and E 3 .
We now consider the case where X is decomposed into the product of P 1 and a projective nonsingular toric 3-fold. Let X = P 1 × X ′ be a projective nonsingular toric 4-fold, where X ′ is a projective nonsingular toric 3-fold. Suppose that x 1 and x 2 correspond to the class of fibers of the first projection X → P 1 , where G (Σ) = {x 1 , x 2 , . . . , x n }. Then the following holds.
Proposition 3.11 Suppose that there exists a totally nondegenerate finite morphism ϕ :
A → X. We define a subgraph Γ ′ of Γ ϕ as follows: The vertex set of Γ ′ is {3, . . . , n}, and
Proof. Since each fiber of the second projection
is not contained in the abelian surface A. So p 2 • ϕ is a finite morphism. Therefore, for an ample divisor E = n i=3 a i E i on the projective variety X ′ , where E 3 , . . . , E n are the toric divisors corresponding to x 3 , . . . , x n , respectively, (p 2 • ϕ)
Since {i, j} is not a edge of Γ ′ , the graph Γ ′ is not complete. q.e.d.
Example 3.12 Let X be the nonsingular projective toric 4-fold corresponding to the fan Σ whose primitive relations are
where G (Σ) = {x 1 , . . . , x 8 } and a is a positive integer.
0 on X, and by a basis {x 1 , x 2 , x 4 , x 6 } of N, we have
in Pic(X), respectively. X is isomorphic to P 1 × X ′ , where X ′ is a toric 3-fold, and D 1
and D 8 are fibers of the first projection X → P 1 . Suppose that there exists a totally nondegenerate finite morphism ϕ : A → X. By (2), we have C 2 3 + aC 3 C 5 + aC 3 C 7 = C 2 C 3 = 0, hence C 3 C 5 = C 3 C 7 = 0. Consequently, C 3 C 4 = C 3 C 6 = 0 by (3) and (4).
Hence the graph Γ ′ as in Proposition 3.11 is connected, a contradiction to Proposition 3.11. Therefore, X admits no totally nondegenerate finite morphism. For the main theorem of this paper, we show some results for the non-existence of totally nondegenerate finite morphisms, using Remark 3.5 and Proposition 3.11.
Proposition 3.14 Let X be an F a -bundle over P 2 , where F a is the Hirzebruch surface of degree a (a ≥ 0), and G (Σ) = {x 1 , . . . x 7 }. We introduce a coordinate in N so that the coordinates of x 1 , x 2 , x 3 , x 4 , x 5 , x 6 and x 7 are
, respectively, where s and t are integers. In this situation, the following hold:
(ii) In the case s = 0 or t = 0, if one of the following conditions is satisfied, then X admits no totally nondegenerate finite morphism.
(a) a = 0.
(b) a > 0 and t ≥ 0.
(c) a > 0, s > 0, t < 0 and as + t ≥ 0.
Proof. Suppose that there exists a totally nondegenerate finite morphism ϕ : A → X. (i) is trivial, so let s = 0 or t = 0. By a basis {x 1 , x 2 , x 4 , x 6 } of N, we have
If s = 0 and t = 0, then D 4 and D 5 are in the class of fibers of the first projection (4), we have tC 3 C 6 = −C 2 6 + C 6 C 7 = 0. Therefore C 3 C 6 = 0, and C 1 C 6 = C 2 C 6 = 0 by (1) and (2). This contradicts Proposition 3.11.
If s = 0 and t = 0, then D 6 and D 7 are in the class of fibers of the first projection
, we have C 3 C 4 = 0. On the other hand, (1) and (2) . This contradicts Proposition 3.11.
(b) Let a > 0 and t ≥ 0. Since
by (4), we have C 5 C 6 = 0. If t > 0, then C 3 C 6 = 0 by (5). Moreover C 1 C 6 = C 2 C 6 = 0 by (1) and (2) . So Γ ϕ is connected, a contradiction to Remark 3.5.
Let t = 0. Then s = 0 by assumption. So we have C 3 C 4 = 0 as above, and C 1 C 4 = C 2 C 4 = 0 by (1) and (2) . So Γ ϕ is connected, a contradiction to Remark 3.5.
(c) Let a > 0, s > 0, t < 0 and as + t ≥ 0. Then we have C 3 C 4 = C 1 C 4 = C 2 C 4 = 0 as above. On the other hand, by (3) and (4), we have
in Pic(X). So −tC 4 C 6 + (as + t)C 5 C 6 = −sC 2 6 + sC 6 C 7 = 0, and we have C 4 C 6 = 0 by the assumptions t < 0 and as + t ≥ 0. Therefore Γ ϕ is connected, a contradiction to Remark 3.5.
q.e.d.
Remark 3.15 By Proposition 3.14, there exists no totally nondegenerate finite morphism to the nonsingular toric Fano 4-folds of types
The corresponding a, s and t are as follows:
The following is useful for deriving the main result in Section 6. 
Proof.
If there exists a totally nondegenerate finite morphism ϕ : A → X, then ψ • ϕ : A → X is also a totally nondegenerate finite morphism (see Mumford [8] , p. 88).
This is a contradiction. q.e.d.
Especially, we have the following. 
Some examples
In this section, to describe the main result in Section 6, we show the non-existence of totally nondegenerate embeddings for some other nonsingular toric Fano 4-folds.
(a) "type I's" Let X be the nonsingular projective toric 4-fold corresponding to the fan Σ defined as follows: Let G (Σ) = {x 1 , . . . , x 8 } ⊂ N such that the coordinates of
respectively, and that the primitive collections of Σ are {x 3 , x 4 , x 5 }, {x 4 , x 5 , x 7 }, {x 7 , x 8 }, 
and by a basis {x 1 , x 3 , x 4 , x 8 } of N, we have
in Pic(X), respectively. Moreover, we have
by (2) and (4). Suppose that there exists a totally nondegenerate finite morphism ϕ :
If b = 0 and c = −1, then C 5 C 6 = C 3 C 6 + C 6 C 7 = 0 by (2). On the other hand,
by (4), we have (2) . On the other hand, if a = 0 and b+c = 1, then C 2 C 3 = 0 by (5), and C 3 C 5 = 0 by (2). In any case, Γ ϕ is connected, a contradiction to Remark 3.5. Therefore, X admits no totally nondegenerate finite morphism. Especially, the nonsingular toric Fano 4-folds of types I 4 and I 6 admit no totally nondegenerate finite morphism.
(b) "type J 2 " Let X be the nonsingular projective toric 4-fold corresponding to the fan Σ whose primitive relations are
where G (Σ) = {x 1 , . . . , x 8 }. X is the nonsingular toric Fano 4-fold of type 
Hence Γ ϕ is connected, a contradiction to Remark 3.5. Therefore, X admits no totally nondegenerate finite morphism.
(c) "type L's" Let X be the nonsingular projective toric 4-fold corresponding to the fan Σ defined as follows: Let G (Σ) = {x 1 , . . . , x 8 } ⊂ N such that the coordinates of
respectively, and that the primitive collections of Σ are {x 1 , x 8 }, {x 2 , x 3 }, {x 4 , x 5 } and 
and by a basis {x 1 , x 3 , x 4 , x 6 } of N, we have
in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism ϕ : A → X. By (1) and (2), we have
If either a > 0 and c > 0 or b > 0 and d > 0, then C 3 C 5 = C 3 C 5 = 0 or C 1 C 5 = C 1 C 7 = 0, respectively. In any case, Γ ϕ is connected, a contradiction to Remark 3.5. Therefore, X admits no totally nondegenerate finite morphism. Especially, the nonsingular toric Fano 4-folds of types L 1 and L 2 admit no totally nondegenerate finite morphism.
If X is of type L 10 , then C 1 C 7 = 0 because b ≥ 0 and d > 1. Moreover, by (2), we have C 1 C 5 = −C 1 C 3 + C 2 C 3 + C 1 C 7 = 0. Hence Γ ϕ is connected, a contradiction to Remark 3.5. Therefore, the nonsingular toric Fano 4-fold of type L 10 admits no totally nondegenerate finite morphism. on X. Suppose that there exists a totally nondegenerate embedding ϕ : A ֒→ X. Then by
On the other hand,
by the equalities (5) and (6). So we can express the class of A in A 2 (X) as
, we have the following:
By these equalities, a 3 = a 5 = a 6 = 0. So
Therefore, by the following, we have c 2 (X)A = 0. Since
Γ ϕ is connected. This contradicts Remark 3.5. So X admits no totally nondegenerate embedding.
(e) "type M's" Let X be the nonsingular projective toric 4-fold corresponding to the fan Σ defined as follows: Let G (Σ) = {x 1 , . . . , x 7 } ⊂ N such that the coordinates of
respectively, and that the primitive collections of Σ are {x 1 ,
For some values of a, b and c, X becomes the nonsingular toric Fano 4-fold of type M. The corresponding a, b and c are as follows:
and by a basis {x 1 , x 2 , x 4 , x 6 } of N, we have
in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism ϕ : A → X. By (4), we have C 3 C 6 = −C If a = c = 1, then C 1 C 4 = 0 as above. On the other hand, by (6), we have
, and C 1 C 6 = 0. Hence Γ ϕ is connected, a contradiction to Remark 3.5. Therefore, X admits no totally nondegenerate finite morphism. Especially, the nonsingular toric Fano 4-fold of type M 3 admits no totally nondegenerate finite morphism.
(f) "type M 5 " Let X be the nonsingular projective toric 4-fold corresponding to the fan Σ whose primitive relations are 
in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism ϕ : A → X. By (1), (3) and (4), we have C 5 C 8 = −C 4 C 5 + C (1), we have C 1 C 3 = C 2 1 + C 1 C 5 + C 1 C 7 = 0. Hence Γ ϕ is connected, a contradiction to Remark 3.5. Therefore, X admits no totally nondegenerate finite morphism.
Remark 5.2 Kajiwara [5] , [6] showed that the pseudo del Pezzo 4-fold V 4 admits no totally nondegenerate finite morphism similarly as above.
By Examples 3.7 and 3.12, Propositions 3.9 and 3.14, the results (a), (b), (c), (d), (e) and (f), and Remark 5.2, the nonsingular toric Fano 4-folds of types Remark 6.1 Kajiwara [6] and Sankaran [11] showed that the nonsingular toric Fano 4-folds of types B 5 , D 19 , G 2 and G 6 admit no totally nondegenerate embedding using more complicated methods (see Kajiwara [6] for types D 19 , G 2 and G 6 , Sankaran [11] for type B 5 ). Since their method differs from ours, we cannot determine whether nonsingular projective toric 4-folds obtained by finite successions of 2-blow-ups from one of these types admit a totally nondegenerate embedding or not.
To describe the main result, we need the following proposition. 
By an easy calculation of intersection numbers, E 1 × E 2 ֒→ X is obviously a totally nondegenerate embedding. q.e.d.
Remark 6.3 In Proposition 6.2, if there exists an abelian surface embedding A ֒→ X,
then A is isomorphic to the direct product of two elliptic curves as stated in the proof of Proposition 6.2, by the results of Kajiwara [5] and [6] .
By these results and Table 1 in Sato [12] , we get the following: (i) X admits no totally nondegenerate embedding.
There exists a totally nondegenerate embedding in this case (see Horrocks-Mumford [3] and Lange [7] ). (iv) X is of one of the types
Remark 6.5 For the nonsingular toric Fano 4-fold X of type C 1 , Sankaran [11] showed that there exists a totally nondegenerate embedding A ֒→ X. However, his paper seems to contain gaps unfortunately. So we do not yet know whether X admits a totally nondegenerate embedding or not.
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